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In current fracture theory, the fracture stress is related to the surface energy on the basis of linear elastic theory.
However, the fracture stress does not necessarily exceed the stress required to break atomic bonds. Here, we
show that a jump in the inelastic separation energy is generated by fracture, where the inelastic separation energy
is the energy between the separation planes measured by excluding the contribution of elastic relaxation, and the
stress at the onset of the energy jump is the fracture stress. Analysis of the electronic states of β-SiC (cubic SiC),
Ge, and Cu by first-principles tensile tests shows that the electrons redistribute during surface formation in the
transition from the onset to the end of the energy jump. Therefore, it is suggested that the inelastic separation
energy at the end of the energy jump can be identified with the fracture energy. Also, first-principles shear tests
show that an energy jump occurs during shearing for β-SiC, but not for Ge and Cu. Thus, an energy jump is a
sign of fracture (bond breaking), and an energy jump during shearing is a good indicator estimating the ductile
and brittle character. These principles can hold for any solid and will therefore be beneficial for the fundamental
understanding of the mechanical properties of solids and for their industrial applications.
DOI: 10.1103/PhysRevB.96.014115
I. INTRODUCTION
Because unexpected fracture of structures can cause great
damage, it is important to deeply understand the fracture
mechanisms of solids. Pioneering work in the fracture theory
of solids was performed by Griffith [1]. Analyzing fracture
mechanisms from the macroscopic viewpoint based on linear
elastostatics, he developed the concept of fracture stress as the
balance between the release of strain energy and the increase of
the surface energy when a crack grows. Strictly speaking, this
fracture theory holds only for elastic materials, which fracture
in a brittle fashion. However, it can be applied to deformable
materials with ductile characteristics by considering the plastic
zone around the crack tip [2]. The fundamental concept
introduced by Griffith underlies modern fracture studies.
However, there is no assurance that the fracture stress is related
to the surface energy. Fracture of a solid is phenomenologically
a discontinuous process because rigid surfaces are created.
However, neither the fracture point nor the fracture energy can
be strictly specified from the microscopic viewpoint because
the inelastic energy between the separation planes (the inelastic
separation energy), which is the separation energy measured by
excluding the contribution of elastic relaxation, continuously
changes with the separation distance, as described by, for
example, the Lennard-Jones potential [3]. Moreover, linear
elastostatics do not hold at the microscopic scale. Thus,
understanding of the microscopic aspects of fracture in solids
remains incomplete.
The ductility and brittleness are also the most important
physical properties of solids. Several indicators of the ductile
or brittle character of solids have been developed [4–12]. For
example, Pettifor [13] investigated prediction of ductile and
brittle character by the Pugh modulus ratio [4] and Cauchy
pressure, and he succeeded in determining the character in
several classes of materials, including intrinsically ductile
ceramics. The Pettifor and Pugh criteria are based on the
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elastic properties. The γs/γus ratio, which is based on the in-
elastic properties, is another indicator of ductile versus brittle
character [7], where γs is the surface energy and γus is the
unstable stacking fault energy (USFE). In this case, a material
must be sheared to a large strain to measure γus; for example,
a large shear strain of 35% is needed to calculate γus for β-SiC
(cubic SiC) [12]. However, practically brittle materials should
be fractured before shearing to 35%. To avoid this irrationality,
the fracture point must be specified.
In this paper, variations in energies as a function of strain
were investigated for β-SiC, Ge, and Cu by relaxed-type and
unrelaxed-type first-principles tensile tests. Here, β-SiC, Ge,
and Cu represent typical covalently bonding semiconductor
and metallic bonding materials, respectively. The β-SiC bulk
crystal shows brittle behavior at room temperature [14]. Ge
is plastically deformable at low temperature of 78 K [15].
From measurements of the Hall effect, it has been shown
that the conductivity and lifetime of edge dislocations in Ge
are associated with the acceptor-type energy levels in the
middle or upper half of the gap [16]. Cu is typical of ductile
metals.
II. METHODS
The first-principles tensile tests and the first-principles
shear tests were performed on β-SiC, Ge, and Cu. The first-
principles calculations were performed within the framework
of density functional theory [17,18] as implemented in the
CASTEP code [19]. The plane-wave basis set was used to
calculate the electronic properties, and the generalized gradient
approximation of the Perdew-Burke-Ernzerhof functional
[20] was used for the exchange-correlation potential for the
structure optimizations. Ultrasoft pseudopotentials [21] were
used for all of the elements in the calculations. We applied
cutoff energies of 280.0 eV for β-SiC, 180.0 eV for Ge,
and 400.0 eV for Cu. The Brillouin zone was sampled using
8 × 5 × 1,6 × 4 × 1, and 5 × 6 × 1 Monkhorst-Pack k-point
meshes [22] for β-SiC, Ge, and Cu, respectively. Periodic
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boundary conditions were applied in the x, y, and z directions
for all of the calculations.
For β-SiC, Ge, and Cu, two types of first-principles tensile
tests were performed, namely, relaxed-type and unrelaxed-type
tests. The rectangular cell used for the two types of tensile
tests contained 48 atoms, and it consisted of 12 layers of the
(111) plane with a vacuum gap of 15 ˚A between periodically
repeated slabs (see Supplemental Material, Figs. S1(a)–(c)
[23]). In the relaxed-type tensile tests, after relaxing the cell,
1% incremental uniaxial tensile strain was applied to the
crystal block in the 〈111〉 direction by separating the upper
and lower halves of the crystal block such that the tensile
direction was perpendicular to the slip plane [12]. In the
calculations, the atoms located in the outermost two layers
were fixed while the other atoms could freely move (see
Supplemental Material, Fig. S2(a) [23]). After straining, the
crystal block was relaxed based on Hellmann-Feynman forces
until all of the forces were less than 0.03 eV/ ˚A. The elastic
strain energy generated by the applied tensile strain was stored
in the cell. This step was iterated until fracture occurred.
The unrelaxed-type tensile tests were performed to preclude
generation of an energy jump. In the unrelaxed-type tensile
tests, 1% incremental uniaxial tensile strain was applied to
the crystal block by separating the upper and lower halves
of the cell where all atomic positions were not relaxed, and
this step was iterated until fracture occurred. The elastic strain
energy was not stored in the cell in the unrelaxed tensile test
because all atomic positions were fixed. The tensile directions
for the unrelaxed-type tensile tests were the same as those for
the relaxed-type tensile tests. The Poisson ratio was ignored
to simplify the calculations. In addition, calculations were
performed to measure the inelastic separation energy between
the separation planes in the relaxed-type tensile tests (see
Supplemental Material, Fig. S2(b) [23]). In the calculations,
structure optimization was performed under the condition that
movement of atoms located in the separation planes was fixed
while the other atoms could freely move. In this way, the elastic
strain energy stored in the cell was removed. Preliminary
calculations were performed with a larger cell consisting of
18 layers to investigate the size effect. There were hardly any
differences in the results between the calculations with a large
and a small cell.
The first-principles fully relaxed tensile test was performed
on a body-centered-cubic Fe 3 (111)/[〈1¯10〉] tilt grain
boundary (GB) segregated with H atoms. The cell used for
the calculation contained 36 Fe atoms and two H atoms. The
H atoms were placed at the interstitial site that was the most
energetically stable site for H segregation [24–26], as shown
in Supplemental Material Fig. S3(a) [23], on both sides of
the Fe GB. The initial cell had dimensions of 0.405 × 0.702
× 1.489 nm. After relaxing the cell, 2% incremental uniaxial
tensile strain was applied in the 〈111〉 direction (normal to
the GB plane). All of the atoms were relaxed based on the
Hellmann-Feynman forces until all the forces were less than
0.03 eV/ ˚A. The lattice dimensions in the GB plane were fixed
during the calculations, and the Poisson ratio was ignored to
simplify the calculations [27–29]. This step was iterated until
the GB fractured.
It is difficult to analyze the band structure of separation
planes by first-principles calculations of multiple-layer cells.
Thus, a two-layer cell was used to analyze the band structure
of the separation planes, as shown in Supplemental Material
Figs. S4(a) and (e) [23]. Unrelaxed-type first-principles tensile
tests were performed for two-layer β-SiC and Cu, and the
band structures were analyzed before deformation, at the onset
point of breaking (OPB), and at the end point of breaking
(EPB).
First-principles shear tests of pure alias shear [30] were
performed. The rectangular cell used in the shear tests con-
tained 48 atoms and consisted of 12 layers of the (111) plane
(see Supplemental Material, Figs. S1(d)–(f) [23]). The top
layer of the cell was displaced in the shear direction, such that
the slip plane and the direction of the fault vector were (111)
and 〈1¯10〉 for β-SiC [12] and Ge [12], and (111) and 〈11¯2〉 for
Cu [12], respectively. After displacing the top layer, the cell
lengths, cell angles, and atomic positions were fully relaxed,
except for the shearing angle and the atoms located in the top
layer. This step was iterated until the displacement reached
the length of the Burgers vector. In addition, calculations
were performed to measure the inelastic separation energy
between the shearing planes during pure alias shear. In these
calculations, structure optimization was performed under
the conditions that the positions of the atoms located in the
shearing planes were fixed and the cell was fully relaxed.
In this way, the elastic strain energy stored in the cell was
removed.
Next, first-principles shear tests were performed on the cells
used for the tensile tests. The upper and lower halves of the
crystal blocks were displaced relative to each other along the
fault vector within the slip plane until the displacement reached
half of the Burgers vector, at which point the USFE was
obtained. The atomic positions were relaxed only along the
direction perpendicular to the slip plane. After the shear tests,
the atoms were relaxed only along the direction perpendicular
to the slip plane. Relaxed-type and unrelaxed-type first-
principles tensile tests were then performed on the relaxed
cells, in which the atoms were relaxed only along the direction
perpendicular to the slip plane. In the calculations, the slip
plane and the direction of the fault vector for the shear tests
were (111) and 〈1¯10〉 for β-SiC and Ge, and (111) and
〈11¯2〉 for Cu. The fracture plane and tensile direction for the
tensile tests were (111) and 〈111〉 for β-SiC, Ge, and Cu,
respectively.
III. RESULTS AND DISCUSSION
Figure 1 shows the variation in the total energy of the
cell as a function of strain for the unrelaxed-type and the
relaxed-type simulations. In the unrelaxed-type simulations,
the separation planes moved along the tensile direction with all
of the atoms fixed, and the inelastic separation energy between
the separation planes was measured. In the relaxed-type
simulations, only the atoms located in the top two layers of
the cell were fixed for tensile straining, while the other atoms
could freely move. The relaxed-type simulations correspond
more closely to real tensile deformation. As shown in Fig. 1, in
the unrelaxed-type simulations, the total energy continuously
increases with the strain, although the rate of increase in the
total energy is significantly reduced in a final stage. In the
relaxed-type simulations, the change in the total energy is
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FIG. 1. Variation in the total energies of the (a) β-SiC, (b) Ge, and
(c) Cu cells as a function of strain. The variation in the total energy
was determined by relaxed-type and unrelaxed-type first-principles
tensile tests. In the unrelaxed-type simulations, the separation planes
move along the tensile direction with all of the atoms fixed. In the
relaxed-type simulations, only the atoms located in the outermost two
layers of the cell are fixed for tensile straining, while the other atoms
can move freely. The total energy is found to continuously vary in
the unrelaxed-type simulations. In the relaxed-type simulations, after
the total energy continuously varies, it suddenly decreases in the final
stage.
continuous, but there is a sudden decrease in the final stage.
This discontinuity represents release of the elastic strain energy
stored in the cell through fracture (bond breaking). The final
values of the total energy for the two sets of simulations slightly
differ, which is because of the small atomic movements in the
separation planes by surface relaxation during deformation in
the relaxed-type simulations [31].
FIG. 2. Variation in the inelastic separation energy of the sep-
aration planes as a function of the displacement between them:
(a) β-SiC, (b) Ge, and (c) Cu. The variation in the inelastic separation
energy was determined by relaxed-type and the unrelaxed-type first-
principles tensile tests. The inelastic separation energy continuously
is found to vary in the unrelaxed-type simulations. In the relaxed-type
simulations, the inelastic separation energy continuously varies until
a certain displacement, and it then discontinuously jumps to its final
value. The stress at the onset of the energy jump can be defined with
the fracture stress. Although it appears that the number of data for
the relaxed-type test is less than that for the unrelaxed-type test, some
data for the relaxed-type test overlap, and the number of data for the
relaxed-type test is the same as that for the unrelaxed-type test.
Figure 2 shows the variation in the inelastic separation
energy between the separation planes as a function of the
displacement between the planes. The inelastic separation
energy continuously varies in the unrelaxed-type simulations.
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FIG. 3. Charge density distributions before deformation, at the
OPB, and at the EPB: (a) β-SiC, (b) Ge, and (c) Cu. The charge
density around the separation plane slightly decreases at the OPB
compared with the charge density before deformation, but fracture
is not completed at the OPB. On the other hand, the charge density
around the separation plane decreases to zero at the EPB, which
indicates that fracture is completed at the EPB.
Note that in the relaxed-type simulations, the inelastic separa-
tion energy continuously varies until a certain displacement,
corresponding to the one in the unrelaxed-type simulations,
but then discontinuously jumps to its final value. That is,
a jump in the inelastic separation energy occurs, and an
unstable transition state is generated during separation in the
relaxed-type simulations. In this paper, the points just before
and after the transition are termed the OPB and the EPB,
respectively.
Figure 3 shows the charge density distributions before
deformation, at the OPB, and at the EPB. It can be seen that
the charge density around the slip plane slightly decreases at
the OPB compared with that before deformation, but fracture
is not completed at the OPB. On the other hand, the charge
density around the slip plane decreases to zero at the EPB,
which indicates that fracture is completed at the EPB.
Rose et al. [32] proposed the universal binding energy-
displacement relation, which holds for a variety of mate-
rials [33–36]. According to the universal binding energy-















where ESR is the inelastic separation energy per unit area,
ESR,∞ is the inelastic separation energy when the displacement
between the separation planes is infinitely large, x is the
displacement between the separation planes, and lb is the
characteristic length scale at which maximum stress is ob-
tained. The displacement at the OPB corresponds reasonably
well with the displacement at which the maximum stress
is obtained during the unrelaxed-type tensile tests, i.e., lb
(see Supplemental Material, Table S1 [23]). This indicates
that the stress at the OPB is the fracture stress, which is
given by ESR,∞/(elb) from Eq. (1). It is therefore considered
that the transition from the OPB to the EPB is an unstable
state in which the stress condition for fracture is satisfied,
while the energy condition for fracture is not. The cohesive
stress for cubic SiC was 47–58 GPa [37]. The fracture
stress of ESR,∞/(elb) is calculated to be 49 GPa for SiC.
Thus, the fracture stress of ESR,∞/(elb) well agrees with the
cohesive stress. Also, the fracture energy can be specified
as the inelastic separation energy at the EPB, which may
be given by ESR,∞[1 − (1 + a)/ea)] (a = ls/lb, where ls is
the displacement at the EPB). If the applied load is stopped
and no further energy for separation is supplied to a material
during the transition state, the separation planes should return
to their initial positions. However, in practice, because the
strain energy stored in the cell is supplied to the material,
fracture (bond breaking) may occur even if the applied load is
stopped during the transition state.
The partial density of electronic states (DOS) of the atoms
involved in bond breaking is shown in Fig. 4. The partial
DOS at the OPB is similar to that before deformation, but
the partial DOS significantly changes during the energy jump.
The energy of smearing at a finite temperature is very small
compared with the change in energy during the energy jump,
and therefore the influence of smearing on the energy jump at a
finite temperature is suggested to be negligible. The electrons
are localized near the Fermi level at the EPB. This trend is
particularly pronounced for β-SiC and Ge. Thus, the DOS
at the Fermi level is increased by bond breaking [38]. It
is known that impurity atoms, such as H, often induce GB
embrittlement [39]. In such cases, the atomic bonds between
impurity atoms and matrix atoms tend to preferentially break
during straining. As an example of the cases, a H-segregated
Fe GB was investigated by first-principles tensile tests. The
DOS at the Fermi level for a Fe atom forming a Fe-H bond
was found to increase by bond breaking (see Supplemental
Material, Fig. S3 [23]). Thus, the same trend is found in the
case of breaking of Fe-H bonds at a H-segregated Fe GB.
In the case of the H-segregated Fe GB, only one Fe-H bond
breaks and the other bonds do not, so there is no clear energy
jump because the presence of nonbroken bonds obscures the
energy jump which is related to bond breaking of Fe-H. As
shown in Supplemental Material Fig. S3(b) [23], the bond
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FIG. 4. Partial DOS before deformation (initial), at the OPB and at the EPB for β-SiC and Cu. (a) p orbitals of a Si atom, (b) p orbitals of
a C atom, and (c) s orbitals of a Cu atom at the separation plane before deformation, at the OPB, and at the EPB. The partial DOS at the OPB
is similar to that before deformation. The electrons are localized near the Fermi level at the EPB.
length of Fe-H suddenly increases. A jump in the energy can
be identified by a sudden increase in the bond length because
there is a one-to-one relation between the inelastic separation
energy and the bond length. Therefore, an energy jump is
suggested to be generated in the case of bond breaking of
Fe-H.
A two-layer cell was used for band-structure analysis of
the separation planes because it was difficult to analyze the
band structure of separation planes by calculations with a cell
consisting of many layers. In two-layer β-SiC and Cu, the band
structure at the OPB is similar to that before deformation, while
the electronic energies at the EPB tend to be discretized (see
Supplemental Material, Fig. S4 [23]). Clearly, the jump in the
inelastic separation energy is related to redistribution of the
electrons during surface formation [40].
The energy at the OPB is quite lower than that at the
EPB (see Supplemental Material, Table S1 [23]), which
corresponds to significant redistribution of the electrons during
the transition state. Notably, for Cu, the displacements at the
OPB and EPB are the lowest among the materials investigated
(see Supplemental Material, Table S1 [23]), in spite of the
high ductility of Cu. Thus, ductile or brittle character cannot
be estimated from the displacement at which bond breaking
is induced. For Cu, the occurrence of bond breaking at
smaller displacements may be because the electrons can easily
redistribute because of the metallic bonding.
Figure 5 shows the variation in the inelastic separation
energy between shearing planes as a function of the displace-
ment determined by first-principles shear tests performing pure
alias shear, where the displacement is the one between the
shearing planes. The pure alias shear is a realistic description
of shear deformation because the displacement propagates
thorough the cell [30]. An inspection of Fig. 5 shows that the
inelastic separation energy and the displacement significantly
change during the period from the displacement of 0.83 ˚A
to the displacement of 1.05 ˚A for β-SiC, but such significant
changes are not found for Ge and Cu, indicating that a jump in
the inelastic separation energy occurs for β-SiC before the
inelastic separation energy reaches the USFE. This means
that β-SiC fractured during shearing. Thus, β-SiC can be
categorized as a brittle material because of the appearance
of an energy jump. In contrast, there is no energy jump
in the inelastic separation energy for Ge or Cu, suggesting
that dislocations can glide on the slip plane without fracture,
and thus Ge and Cu can be categorized as ductile materials.
An energy jump occurs in the case of the onset of plastic
deformation as well [41]. In this case, however, an energy is
decreased by an energy jump because of the release of elastic
energy. On the other hand, the inelastic separation energy is
increased by an energy jump in the case of fracture during
shearing because an energy jump occurs before the energy
reaches the USFE.
We also investigated the variation of the inelastic separation
energy during tensile deformation after shearing until the dis-
placement at which the USFE was obtained (see Supplemental
Material, Fig. S5 [23]). In the relaxed-type simulations, the
inelastic separation energy jumps in the same manner as that
shown in Fig. 2 for Ge and Cu. However, no jump occurs for
β-SiC. The results support the view that an energy jump during
deformation is a sign of fracture. In β-SiC, redistribution of
the electrons during surface formation is completed during
shear deformation. Therefore, no redistribution of the electrons
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FIG. 5. Variation in the inelastic separation energy as a function
of displacement for pure alias shear: (a) β-SiC, (b) Ge, and (c) Cu.
The variation in the inelastic separation energy was measured by
first-principles pure alias shear tests. A jump in the inelastic separation
energy occurs for β-SiC before the inelastic separation energy reaches
the USFE. No jump in the inelastic separation energy occurs for Ge
and Cu.
occurs during tensile deformation after shear deformation,
so there is no energy jump during tensile straining after
shearing.
According to the virial theorem, the difference in the
average total energy, consisting of the average total potential
energy (PE) and the average total kinetic energy (KT),
of the electrons before deformation and after fracture is
given by
〈EAF〉 − 〈EBD〉 = 1/2(〈UAF〉 − 〈UBD〉)
= −〈TAF〉 + 〈TBD〉, (2)
where 〈EAF〉 and 〈EBD〉 are the average total energies of
the electrons after fracture and before deformation, 〈UAF〉
and 〈UBD〉 are the average total PEs of the electrons after
fracture and before deformation, and 〈TAF〉 and 〈TBD〉 are the
average total KTs of the electrons after fracture and before
deformation, respectively. As shown in Fig. 4, the electrons at
the EPB are in higher energy states than before deformation,
although the electronic states at the OPB are similar to those
before deformation. The displacement dependence of the PE
is different from that of the KT. Therefore, it is suggested
that the stress-displacement relation cannot be approximated
by a function with symmetry, such as a sine curve, because
redistribution of the electrons during surface formation leads
to an increase in the average total PE of the electrons and a
decrease in the average total KT of the electrons. Additionally,
the emission of electrons and positive ions may occur during
the transition state [42]. According to conventional fracture
theory, the fracture stress satisfies the condition that the stress
at the crack tip exceeds the ideal strength, assuming that
the stress-displacement curve is approximated with a sine
curve. However, it is not reasonable to approximate the stress
displacement with a sine curve because the distribution of
the electrons is fundamentally altered after the stress reaches
the fracture stress, namely, an atomic bond reaches the OPB.
Hence, the stress condition for bond breaking is not necessarily
satisfied in conventional fracture theory.
IV. CONCLUSIONS
Relaxed-type and unrelaxed-type first-principles tensile
tests have been performed on β-SiC, Ge, and Cu to investigate
fracture from the microscopic view of bond breaking. The
calculations showed that a jump in the inelastic separation
energy is generated by fracture, and the electrons redistribute
during surface formation in the transition from the onset to the
end of the energy jump. In addition, the calculations suggested
that the fracture stress can be identified with the stress at
the onset of the energy jump, and the fracture energy can be
identified with the inelastic separation energy at the end of
the energy jump. Also, first-principles shear tests showed that
an energy jump occurs during shearing for β-SiC but not for
Ge and Cu. Thus, an energy jump during shearing is a good
indicator for estimating the ductile and brittle character. The
findings of this paper should be used for qualitative rather than
qualitative understanding because of the limited number of
atoms in the supercells.
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